We define some new metrics on free groups and obtain a class of Polish groups by taking appropriate metric completions so that every Polish group is the quotient group of some one in the class. Moreover, we show that the resulting groups can be taken to be Π 0 3 Polishable subgroups of the infinite permutation group S ∞ .
Introduction
The research presented here was motivated by the following question [1, Open Problem 1.4.2] (also see [6] ): Problem 1.1 (Becker-Kechris) . Is there a Polish group G such that every Polish group is isomorphic to G/N for some closed normal subgroup N of G?
A topological group is Polish if its underlying topology is Polish, i.e., separable and completely metrizable. The property of the Polish group G described in the problem is equivalent to that for every Polish group H there is a continuous surjective homomorphism ϕ : G → H . Thus groups with this property are also called surjectively universal. In view of the algebraic aspect of surjective universality it is natural to consider free groups. On the one hand, Markov [8] has investigated topological free groups and Graev [4] has defined the so-called the Graev metrics on free groups. However, since the Graev metrics are two-sided invariant, the metrization only resulted in a surjectively universal group for the class of all Polish groups admitting compatible two-sided invariant metrics [10] . And it is well known that this is a seriously restricted class of Polish groups (for instance there are locally compact Polish groups which do not admit any compatible two-sided invariant metrics). On the other hand, results of Dudley [3] (or more recently but independently those of Shelah [11] ) show that there is no Polish topology on the free group. Thus metrics on the free group cannot be complete and a completion is necessary to obtain a Polish group.
In this article we define some new metrics on free groups. These metrics are generalizations of the Graev metrics and they are no longer two-sided invariant. As a result we obtain Polish groups no longer in the restricted class of those admitting compatible two-sided invariant metrics. In fact we obtain a class F of Polish groups such that for any Polish group H there is G ∈ F and a continuous surjective homomorphism ϕ : G → H . In particular, if there is a surjectively universal Polish group, then there is one in F .
In fact groups in the class F are some metric completions of free groups with our newly defined metrics. The completion process, while necessary as noted above, obscures the algebraic as well as the topological structure of the resulting group. For example, it is hard to compute its topological dimension. With some extra work we can obtain a class F 0 ⊆ F of Polish groups such that F 0 has the same surjective universality property as F but each group in F 0 admits a fairly canonical representation as a permutation group. In fact, each group in F 0 will be a Π 0 3 Polishable subgroup of F N 2 , where F 2 is the free group with two generators. Since F N 2 is isomorphic to a closed subgroup of the infinite permutation group S ∞ , each group in F 0 is in particular a Π 0 3 Polishable subgroup of S ∞ . Tsankov [12] has obtained a class of Π 0 3 Polishable subgroups of S ∞ with similar surjective universality properties by a very different method.
The rest of the article is organized as follows. In Section 2 we briefly review the Graev metrics and introduce some notation. In Section 3 we give the definition of the new metrics on free groups and prove the surjective universality property for the class F of Polish groups obtained. In Section 4 we define the class F 0 and represent its elements as permutation groups. In Section 5 we summarize the results and give some further remarks.
Review of the Graev metrics
In this section we review the Graev metrics and introduce some notation crucial for the definitions in the next section. We will follow the development of [2] , which is slightly more general than the original definition of Graev's. We note that the notation in [2] was influenced by earlier presentations of Kechris in [5, 6] .
For a nonempty set X, let X −1 = {x −1 : x ∈ X} be a disjoint copy of X and let e / ∈ X ∪ X −1 . Put X = X ∪ X −1 ∪{e}. We use the notational convention that (x −1 ) −1 = x for x ∈ X and e −1 = e. Since we will mostly discuss elements of X we also make the convention that the lower case letters x, y, x 0 , x 1 , etc. will denote elements of X if we do not explicitly specify otherwise.
Let W (X) be the set of words over the alphabet X. A word w ∈ W (X) is irreducible if w = e or else w = x 0 · · · x n , where for any i, x i = e and x i+1 = x −1 i . Let F (X) be the set of irreducible words. For w ∈ W (X), we denote by lh(w) the length of w. Then note that an irreducible word has positive length. For each w ∈ W (X) the reduced word for w, denoted w , is the unique irreducible word obtained by successively replacing any occurrence of xx −1 in w by e and eliminating e from any occurrence of the form w 1 ew 2 , where at least one of w 1 and w 2 is nonempty. We can turn F (X) into a group, which is called the free group on X, by defining w · u = (w u) where w u is the concatenation of words w and u. Note that this is similar to but slightly different from the usual way free groups are obtained. In this treatment the identity element of F (X) is e but not the empty word.
Assume that a metric d on X satisfies the following conditions for all x, y ∈ X:
Then a distance function on W (X) can be obtained as follows. If w = x 0 · · · x n and u = y 0 · · · y n are two words in W (X) of the same length, then put
Next call a word w ∈ W (X) trivial if w = e. A trivial word is also called a trivial extension of e. For w ∈ W (X) with lh(w) > 0 but w = e, a trivial extension of w = x 0 · · · x n is a word of the form u 0 x 0 u 1 x 1 · · · u n x n u n+1 , where each of u 0 , . . . , u n+1 is either trivial or empty. In particular, if w ∈ F (X) and w * ∈ W (X), then w * is a trivial extension of w if and only if (w * ) = w.
The basic properties of the Graev metric δ include that it is a two-sided invariant metric on F (X) extending d, that the group F (X) equipped with the topology given by δ becomes a topological group, and that if X is separable then so is F (X). Let F (X) denote the completion of (F (X), δ), and for simplicity still denote the resulting complete metric on F (X) by δ. Then F (X) becomes a Polish group and δ is a compatible, two-sided invariant, complete metric on F (X). Among the groups thus obtain one particular group stands out with its surjective universality property. 
and the extension of d onto N is determined by requiring
It is well known that G is surjectively universal for all Polish groups with compatible two-sided invariant metrics (a proof can be found in [6] ).
In calculations of the Graev metrics we found the following concepts helpful. 
For any w ∈ W (X) and match θ as above, w θ is a trivial word and the computation of ρ(w, w θ ) is straightforward. The main use of the concepts lies in the following theorem.
It follows immediately that δ(w, e) > 0 for non-trivial w ∈ F (X).
New metrics on free groups
Let X be a set and a metric d on X be given as before. We will define a class of left-invariant metrics on F (X). First we introduce a concept for an extra parameter needed in our definition. Definition 3.1. Let R + denote the set of non-negative real numbers. A function Γ : X × R + → R + is a scale on X if the following hold for any x ∈ X and r ∈ R + :
is a monotone increasing function with respect to the second variable; (iv) lim r→0 Γ (x, r) = 0. This is motivated by the following definition attempting to capture the geometry of a metric group. Definition 3.2. Let G be a metrizable group and d G be a compatible left-invariant metric on G.
It is easy to see that Γ G satisfies the conditions (i)-(iv) in the definition of a scale. We will also call Γ G the scale
Also Γ G is a Lipschitz function with respect to the first variable. In fact, for g, h ∈ G and r ∈ R + ,
Our main definition is the following one for a norm on W (X).
Definition 3.3.
Let Γ be a scale on X. For l ∈ N, w ∈ W (X) with lh(w) = l + 1 and θ a match on {0, . . . , l}, define N θ Γ (w) by induction on l as follows:
. . , l} and w = w 1 w 2 where lh(
. . , l − 1} and w = x −1 w 1 y where x, y ∈ X; then lh(w 1 ) = l − 1 and
Lemma 3.4. For any scale Γ on X, w ∈ W (X) and match θ ,
Moreover, if Γ (x, r) = r for all x ∈ X and r ∈ R + , then the equality holds.
Proof. By an easy induction on lh(w). The only non-trivial case is (2), in which property (i) of the scale Γ is used. 2
The next two lemmas summarize the basic properties of the norm N Γ .
Lemma 3.6. Let Γ be a scale on X and w, u ∈ F (X). Then the following hold:
Moreover, if Γ (x, r) = r for all x ∈ X and r ∈ R + , then N Γ (w) = δ(w, e) for all w ∈ F (X).
Proof. Clause (i) and the moreover part follow from Lemma 3.4 and Theorem 2.5.
(ii) Follows trivially from the definition. We show the other clauses below.
(iii) Recall that w · u = (w u) . For trivial extensions w * , u * of w, u, respectively, let lh(w * ) = k + 1 and lh(u * ) = l + 1. Let θ be a match on {0, . . . , k} and μ on {0, . . . , l}. Define a match θ μ on {0, . . . , k + l + 1} in the obvious way:
Let u * be a trivial extension of u with lh(u * ) = k + 1 and θ be a match on {0, . . . , k} so that N θ Γ (u * ) < ε 0 . Define a match μ on {0, . . . , 2l + k + 2} by
Then the inductive definition of N μ Γ and the monotonicity of Γ in the second variable imply that Let ϕ : X → G be a function. Suppose that for any x, y ∈ X and r ∈ R + :
Then ϕ can be uniquely extended to a group homomorphism Φ :
Proof. For any w
It follows from (a) that Φ is a group homomorphism when restricted on F (X). Clearly Φ is an extension of ϕ and its uniqueness is also easy to see. Thus it remains only to check the inequality in the conclusion. For this we show that, for any w = x 0 · · · x l ∈ W (X) and match θ on {0, . . . , l},
. This will be done by induction on lh(w).
Case ( 
Case ( (w 1 ) d G (Φ(w 1 ), 1 G ) . Then by (b), (c) and the monotonicity of Γ we have
Finally we define the extended metrics on F (X). 
Let Y be a countable dense subset of X. We check that F (Y ) is dense in F (X). Let ε > 0 and w ∈ F (X). Assume w = x 0 · · · x l . Similar to the proof of Lemma 3.6(iv), there is a sequence (ε i ) 0 i l of positive real numbers so that, letting ε = ε l+1 , then for any 0 i l, if r < ε i , then Γ (x i , r) < for any w, u ∈ F (X). The equality holds if Γ (x, r) = r for all x ∈ X and r ∈ R + . Thus the Graev metric is the smallest metric in the class of newly defined metrics. Each new metric induces a finer topology than the one induced by the Graev metric. Now the following process is standard for obtaining Polish groups (see, e.g., [9, pp. 352-353] ). Suppose X is separable and let Γ be a scale on X. For w, u ∈ F (X), let
Then Δ Γ is a compatible metric on F (X). Let F Γ (X) be the completion of (F (X), Δ Γ ). Then F Γ (X)
is a Polish group. We denote the complete metric on F Γ (X) still by Δ Γ . Also there is a unique extension of δ Γ onto F Γ (X) which continues to be a compatible left-invariant metric. We denote the resulting extension still by δ Γ .
We are now ready to define the class F of Polish groups with the surjective universality property that for any Polish group H there is G ∈ F and a continuous surjective homomorphism ϕ : G → H . As the case for the Graev metric group we again focus on the Baire space N and the free group F (N ). Let d be the canonical metric on N . [7, Exercise 2.7, Theorem 7.9] ). We can easily extend ϕ to a function from N to G, and denoting the resulting function still by ϕ, so that ϕ(e) = 1 G and ϕ(x −1 ) = ϕ(x) −1 for all x ∈ N . It is easy to see that D G (ϕ(x), ϕ(y)) d(x, y) still holds for all x, y ∈ N . For any x ∈ N and r ∈ R + , let
Γ (x, r) = Γ G (ϕ(x), r).
Now the conditions (a)-(c) of Lemma 3.7 are met, we conclude that ϕ can be uniquely extended to a group homomorphism Φ :
This means that

D G Φ(w), Φ(u) Δ Γ (w, u),
and it implies that, for any Δ Γ -Cauchy sequence (w k ), (Φ(w k ) ) is a D G -Cauchy sequence. Therefore, by a standard construction Φ can be uniquely extended to a group homomorphism from F Γ (N ) onto G. It is also routine to see that for the extended homomorphism the Lipschitz condition continues to hold. Thus the extended homomorphism, still denoted by Φ, is continuous. 2
Representations as permutation groups
In this section we define a subclass F 0 of F with the same surjective universality property as F and consisting of elements that are essentially permutation groups. We will use the following notation following [2] . For any n ∈ N let
The subclass F 0 is described by the following property of the scale Γ used in the construction of F Γ (N ).
First we note the surjective universality property for F 0 .
Theorem 4.2. For any Polish group G there exists a regular scale Γ on N and a continuous surjective homomorphism
Proof. This is a slight strengthening of the proof of Theorem 3.10. Let d G 1 be a compatible left-invariant metric on G. Then Γ G (g, r) max{r, 1} for any g ∈ G and r ∈ R + . Let ϕ : N → G be a continuous surjection so that
For any x ∈ N and r ∈ R + , let Γ (e, r) = r and, for
We claim that Γ is a regular scale on N . The only non-trivial part is to check that lim r→0 Γ (x, r) = 0. For this let ε > 0 and without loss of generality assume x ∈ N . Since lim n π n (x) = x for x ∈ N , there is an N ∈ N such that d(x, π n (x)) < 1 4 ε for all n N . Let η > 0 be such that, for all 0 < r < η, Γ G (ϕ(x), r) < 1 2 ε and for all n < N, Γ G (ϕ(π n (x)), r) < ε. Then for all 0 < r < η and n N ,
and therefore
We have shown that for all 0 < r < η, Γ G (ϕ(x), r) < 1 2 ε < ε as well as for all n ∈ N, Γ G (ϕ(π n (x)), r) < ε. Thus Γ (x, r) ε. This finishes the proof of the claim that Γ is a regular scale. The rest of the proof follows that of Theorem 3.10. 2
Now we suppose Γ is a regular scale on N and represent F Γ (N ) as a Π 0 3 Polishable subgroup of S ∞ . First note that for each n ∈ N , F (N n ) is a discrete subgroup of F Γ (N ). In fact, since d(x, y) 2 −n for any two distinct elements x, y ∈ N n , it follows that for any two distinct words u, v ∈ F (N n ), δ Γ (u, v) δ(u, v) 2 −n . In particular, δ Γ F (N n ) is a complete metric on F (N n ). Next, note that there is a natural extension of π n onto a function from W (N ) to W (N n ), which in turn induces a homomorphism from F (N ) to F (N n ). We denote both extensions still by π n . Proof. Cases (0) and (1) are straightforward. For case (2) , that is, l > 0 and θ(0) = l, let w = x −1 w 1 y where x, y ∈ N . Then by the regularity of Γ , the monotonicity of Γ with respect to its second variable, and the inductive hypothesis,
It follows that for all w ∈ F (N ),
This in turn implies that w, u ∈ F (N ),
Thus π n can be further extended uniquely to a homomorphism from F Γ (N ) to F (N n ). Even though the extension might depend on Γ , for simplicity we still denote it by π n . We continue to have that
for any σ, τ ∈ F Γ (N ). The next lemma gives a canonical representation for elements of F Γ (N ). 
is a closed subgroup of the product n F (N n ). Algebraically each F (N n ) is a free group with at most countably many generators, thus is isomorphic to a subgroup of F 2 , the free group with 2 generators. Hence the product group is isomorphic to a closed subgroup of F N 2 . We are now ready to identify groups in F 0 with Polishable permutation groups. Recall that a Borel subgroup G of a Polish group H is Polishable if there is a Polish group topology τ on G such that the Borel structure generated by τ coincides with the Borel structure on G inherited from H . 
Moreover, the group on the right-hand side is isomorphic to a Π 0 3 Polishable subgroup of F N 2 .
Proof. Let G denote the group on the right-hand side. Define Ψ :
Then it follows from Lemma 4.4 that Ψ (F Γ (N ) ) ⊆ G. Conversely suppose (w n ) ∈ G and let σ = lim n w n . Then for any n ∈ N, by the continuity of π n , 
Further remarks and questions
By the techniques of Section 3 we can also obtain the following abstract result. 
is a compatible metric on X.
We extend d onto X by requiring that, for all x, y ∈ X, (Markov-Graev) . Let X be a completely regular space. Then there is a completely regular group topology on F (X) such that X is a topological subspace of F (X) and, for any topological group G and continuous function ϕ : X → G, the unique homomorphism Φ from F (X) into G extending ϕ is continuous.
Markov and Graev also treated free products of topological groups. However, we do not have a general method to define a metric on a free product of metrizable groups.
We also remark that not all aspects of the Graev metrics were generalized to the new metrics. Theorem 2.5, which was proved in [2] , allows us to compute the Graev metric δ feasibly. One of its important consequences is that if Y is a subspace of a metric space (X, d) We do not know of any explicit condition on (regular) scales that implies the existence of quotient maps among groups in F (or F 0 ). In particular, if Γ Γ , is F Γ (N ) a quotient group of F Γ (N )?
